Abstract. The logical difference between knowledge bases is an important issue for the dynamic update of knowledge base. Computing the logical difference for knowledge bases is intractable in general, and its result is not necessarily category in the sense that the logical difference between two theories in a class is possibly not in the same class any more. This paper proves that computing logical difference between Horn theories is easier than that of CNF theories, and its result is still Horn expressible, though some deciding problems relating to logical difference are still intractable for Horn theories. A preliminary experiment illustrates an interesting phenomenon for the size of logical differences.
Introduction
The logical difference between knowledge bases is an important issue for the dynamic update of knowledge base. It can be widely used in version control, extracting and reusing for knowledge bases [1, 2] . Logical difference is a substantial supplement to the structure-based approach. In [3, 4] , researchers use a lightweight description logic DL-Lite to study the logic difference between ontologies. For the proposition logic, there is little literature on the notion of logical difference between two knowledge bases. An exception is the syntactic difference of Horn theories [5] .
In this article, we investigate the problem of the logical difference of proposition theories, Horn theories in particular, which is an important tractable subclass of CNF theories from the perspective of satisfiability checking [6] . The logical difference of Horn theories may not be Horn, but its result is still Horn expressible. Various computational issues related to the logical difference are investigated and a preliminary experiment is conducted as well.
Preliminaries
We assume an underlying propositional language L over a signature A, written Atom(L). The complement of a set V⊆ Atom (L), written ܸ, ഥ is the set of atoms existed in Atom (L) but not in V. A Literal is an atom x or its negated form ¬x. A clause is a disjunction of literals c=l 1 ˅...˅l n where n is the length of the clause, while a term is a conjunction of literals t=l 1 Given a theory Γ, the set of all the atomic formulas occurring in it, is denoted by Atom(Γ). Let Ψ be a theory and c a clause, and A a set of atoms. If Ψ⊨c, then c is an implicate of Ψ. If c is an implicate of Ψ and Atom(c)⊆A then c is an A-implicate of Ψ. If c is an implicate of Ψ and for any implicate c' of Ψ, c'⊭ c holds, then c is a prime implicate of Ψ. If c is an A-implicate of Ψ and for any A-implicate c' of Ψ, c'⊭ c holds, then c is an A-prime implicate of Ψ. Overall, a prime implicate of Ψ is the strongest result clause of Ψ. We use PI(Ψ)(resp. PI A ሺΨሻ) to express the set of prime implicates (resp. A-prime implicates) of Ψ.
For any proposition theory Γ and an atom x, forgetting x from Γ, written as Forget(Γ,{x}), is defined as Γ(x,true)˅Γ(x,false). For example, if Γ={(x 1 ˅x 2 )˄x 3 } then Forget(Γ,x 3 )={x 1 ˅x 2 }. Forgetting a set of atoms from Γ is defined as Forget(Γ,V∪{p})=Forget(ForgetሺΓ,ሼpሽሻ,V).
Proposition 1 [7, 8, 9] . Let ψ and φ be two formulas, and A⊆Atom (L). We have
ii. φ≡ψ iff PIሺψሻ≡PIሺφሻ.
iii. Forget (φ,A)={ψ|Atom(ψ) ⊆A ഥ and φ⊨ψ}.
iv. PI A ሺφሻ≡Forgetሺφ,A ഥ ሻ.
v. PI A ሺφሻ≡PI A ሺψሻ iff Forgetሺφ,A ഥ ሻ≡Forgetሺψ,A ഥ ሻ.
Assume A⊆Atom (L), if we have a formula φ' which contains no atom in A such that φ'≡φ, then we say φ is A-irrelevant. It is known that φ is A-irrelevant iff φ≡Forget(φ,A), it means that φ⊨ψ iff Forget (φ,A)⊨ψ, and ψ is A-irrelevant [9] .
If 
Logical Difference
In this section, we recall the logical difference of proposition logic theories. In an intuitive sense, the logical difference between two theories Γ 1 and Γ 2 should be the set of all relevant formulas α such that Γ 1 ⊨α and Γ 2 ⊭α or Γ 1 ⊭α and Γ 2 ⊨α. The relativity of α relies on Γ 1 and Γ 2 . Thus, we consider that A is a set of signature atoms and is relevant to Γ 1 and Γ 2 , which means, A⊆Atom (L) and Atom (α)⊆A. Definition 1.(logical difference) For any proposition theories Γ 1 and Γ 2 , A a signature atom set and A⊆Atom(L), the logical difference between them is a set of all clauses α such that Γ 1 ⊨α and Γ 2 ⊭α. We denote it as follows:
=∅, then there is no logical difference between Γ 1 and Γ 2 . Note that in general, Diff A (Γ 1 ,Γ 2 )≠ Diff A (Γ 2 ,Γ 1 ), and the clause included in Diff A (Γ 1 ,Γ 2 ) is not a tautology.
Proposition 2. Let Γ 1 and Γ 2 be two propositional theories, and A⊆Atom(L).
ii. Forget(
iii.
iv. Forget
) Proof. Every clause in Diff A (Γ 1 ,Γ 2 ) is A ഥ -irrelevant as stated in the Definition 1, so we have (7) . Also under the Definition 1, Forget(Γ 1 ,V)⊨α iff if α is V-irrelevant, then Γ 1 ⊨α. So (8) is true. By the Definition 1 and (8), we have (9) . Definition 2. Assume Γ and Σ are sets of clauses. If Γ⊆ Σ and Γ≡ Σ, then Γ is an approximation of Σ. If Γ is an approximation of Σ and for any Γ'⊂ Γ, Γ' is not an approximation of Σ, then Γ is the least approximation of Σ.
Since PI(Γ) is the minimal approximation of Γ, which is the set of prime implicates of Γ. It means that we can define the logical difference by the definition of prime implicate. Note that, given a propositional theory Γ and a clause α, Γ⊨ α iff there is a clause β∈PIሺΓ 1 ሻ s.t. β⊨α [8] .
Lemma 1. Let Γ be a propositional theory, A⊆Atom (L) and α be a clause. If Forget(Γ,A ഥ )⊨α then ∃β∈PI A ሺΓሻ s.t. β⊨α, and vice versa. 
Logical Difference of Horn Theories
As stated in the conception of Forgetting [7] , one can use an equation Γ(T/p) ˅ Γ(F/p) to express the concept of forgetting an atom p from a theory Γ. The formula Γ(α/p) means that every p occurring in Γ is replaced by α. Forgetting a set of atoms V is to forget elements in V one by one. What's more, for any formula Ψ containing no atom p, Γ⊨Ψ iff Γ(T/p)˅Γ(F/p) ⊨ Ψ holds. Thus, the following lemma is obvious. Lemma 2. Let Γ be a clausal theory and V a set of atoms. ExRes(Γ,V) is the result of forgetting V from Γ.
Note that, if Γ is a Horn theory, then Res(Γ,p) is still a Horn thory. According to Lemma 2, the next proposition follows.
Proposition 4. Let Γ 1 and Γ 2 be two Horn theories, and A⊆Atom (L). There is a Horn theory Γ such that Γ≡ Diff A (Γ 1 ,Γ 2 ).
Proof. Assume there is a non-Horn clause c, and Atom (c) ⊆ A. We have c ∈ Diff A (Γ 1 ,Γ 2 ), that is, Γ 1 ⊨c and Γ 2 ⊭c. Note that, since Atom (c)⊆A and Lemma 1, Γ 1 ⊨c iff ExRes(Γ 1 ,A ഥ )⊨c. Thus, there are a Horn clause c', Atom (c')⊆A, ExRes(Γ 1 ,A ഥ ) ⊨ c', and c' ⊨c. Clearly Γ 2 ⊭c', otherwise due to c′ ⊨c, we have Γ 2 ⊭ c. Thus Diff A (Γ 1 ,Γ 2 )-{c} is equivalent to Diff A (Γ 1 ,Γ 2 ). It means that we can remove all non-Horn clauses from Diff A (Γ 1 ,Γ 2 ), then obtain a Horn theory Γ, and it is equivalent to the original non-Horn theory Diff A (Γ 1 ,Γ 2 ).
Proposition 4 shows that even if Γ 2 is not a Horn theory, there is still a Horn theory Γ which is equivalent to Diff A (Γ 1 ,Γ 2 Proof. Determining whether Γ is the logical difference of Γ 1 and Γ 2 , i.e, for any clause α∈Γ, Atom(α)⊆A, determining Γ 1 ⊨α and Γ 2 ⊭α. Clearly, Γ 1 ⊨α and Γ 2 ⊭α are equivalent to compute the satisfiability of Γ 1 ∧ ¬α and Γ 2 ∧ ¬α. Note that these two formulas are still Horn theories. Thus determining whether the clause α in Γ is contained in the logical difference can be switched to compute the satisfiability of Γ 1 ∧ ¬α and Γ 2 ∧ ¬α. Assume the number of clauses of Γ is n. This problem can be resolved in polynomial time of O(N(|Γ 1 |+α)(|Γ 2 |+α)).
The Computational Complexity
In this section some basic complexity relating to logical difference for Horn theories are presented.
Theorem 2. The logical difference of Horn theories Γ 1 and Γ 2 can be computed in O(2 n (|Γ 1 |+| Γ 2 |+|α|+ n(n-|α|))).
Proof. Exhaustively enumerate the set of the candidate Horn clauses deriving from A can be done at most in O(2 n ) time, and the number of atoms of A is n. It is known [6] that, the problem of deciding whether a Horn theory is satisfiable takes O(N) time, where N is the number of literals occurring in the Horn theory. Then verifying whether Γ 1 ⊨α and Γ 2 ⊭α hold in order at most in O(2 n (|Γ 1 |+| Γ 2 |+|α|+ n(n-|α|))). (b) It is similar to the case of (a).
Experimental Results
To compute the logical difference between Horn theories, we implemented a prototype which makes use of the SAT solver minisat. The tested Horn theories and relevant signatures V are randomly generated, where each Horn clause has three literals. The experiment was conducted on Intel(R) Core(TM) i7-4770K CPU running at 3.50GHz with 32G of RAM and a 64 bits Linux system. In each case, 100 groups of Horn theories and relevant signature V are experimented. They all can be done in a second within about 17M bytes memory. The average number of clauses in their logical difference is reported in Table 1 . It can be seen that the number of clausal differences increases quickly when the relevant variables increase. But when the size of relevant variables is fixed, the number of clausal difference illustrates some phase transition phenomena. In particular, when the number of variables is one or two, there seems no clausal difference.
Summary
In this paper we explore how to determine the existence of the logical difference between any two proposition theories, and if so, how to compute the logical difference. Based on this purpose, we have investigated the logical difference of Horn theories. In our work, we found that the logical difference of Horn theories is not necessarily Horn expressible, and we denote the result by a set of clauses. But there is still a Horn theory equivalent to the logical difference of two Horn theories. Besides, even if Γ 2 is not Horn theory, there is still a Horn theory Γ which is equivalent to Diff A (Γ 1 ,Γ 2 ).
Several issues remain for further work. One is to conduct more detailed experiments on the logical difference of Horn theories. To improve the basic algorithm for computing logical difference is worthy of doing.
